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Abstract

This module includes proofs of popositional calculus theorems. The following theorems and proofs
are adapted from D. Hilbert and W. Ackermann’s ‘Grundzuege der theoretischen Logik’ (Berlin 1928,
Springer)
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Theorem 0.1 (hilb18).
—|(P A Q) — (—|P V —\Q)

Proof.
1 -—P — P add sentence hilb6
2 -—Q — Q replace P by Q in 1
3 ﬁﬁ(ﬁP \ ﬁQ) — (ﬁP V ﬁQ) replace Q by =P V —Q in 2
4 -(P AN Q) — (—\P vV -Q) reverse abbreviation and in 3 at oc-
curence 1
O
The reverse of a negation of a conjunction:
Theorem 0.2 (hilb19).
(~P v Q) — (P A Q)
Proof.
1 P — —=P add sentence hilb5
2 Q — —Q replace P by Q in 1
3 (ﬁP V ﬁQ) — ﬁﬁ(ﬁP Vv ﬁQ) replace Q by =P V —Q in 2
4 (=P Vv —\Q) — (P A Q) reverse abbreviation and in 3 at oc-
curence 1
O

Negation of a disjunction:

Theorem 0.3 (hilb20).
-(PV Q) — (=P A Q)

Proof.
1 -—P — P add sentence hilb6
2 —Q — Q replace P by Q in 1
3 (P - Q) — ((A vV P) — (A V Q)) add axiom axiom4
4 (P — Q) — ((B \Y P) — (B V Q)) replace A by B in 3
5 (P — C) — ((B vV P) — (B \Y C)) replace Q by C in 4
6 (D — C) — ((B V D) — (B V C)) replace P by D in 5
7 (D — C) — ((Q \Y D) — (Q V C)) replace B by Q in 6
8 (D — P) — ((Q V D) — (Q V P)) replace C by P in 7
9 (—\—\P — P) — ((Q VvV -=P) — (Q V P)) replace D by ~—=P in 8
10 (@ v -—P) - (Q V P) MP with 1, 9
11 (PV Q) — (QV P add axiom axiom3
12 (P V A) — (A V P) replace Q by A in 11
13 (B \Y A) — (A Vv B) replace P by B in 12
14 (B \Y P) — (P vV B) replace A by P in 13
15 (Q \Y P) — (P V Q) replace B by Q in 14
16 (P - Q) — ((A - P) - (A - Q)) add sentence hilbl
17 (P - Q) — (B - P) — (B — Q) replace A by B in 16
18 (P —-0C) - (B—-P) — (B—-0) replace @ by C in 17
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V —=P) — (-—P V B)

V —==P) — (=—=P V Q)

L (A= P) A= Q)

Q) - (B —P (B Q)

) - (B =P~ (B )

~C) - (B~ D)~ (B — 0)

- C0) = ((Q@V P) = D) - ((QVP)— ()
— (-—PVQ) = ((RVP) = D) = (QVP) —

V.7=P) — (=P v Q) — (@ Vv P) —

(P V@) — 0)
D) = (PVQ) —
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) = (=PVQ) = ((PVQ) — (QVP) —

Q) — (=P VvV Q)))

Q) — (QVP)—(PVE — (—PVAQ)

Q) — (=P VvV Q)

Q) — (=Q — —P)

A) — (mA — —P)

A) — (mA — -B)

(——P Vv Q) — (=(==P Vv Q) — —B)

V@) = (-mPVQ)) — (2(-mPVQ) — ~(PVQ))

(2P VvV Q) = (P V Q)

(P — Q) — (-PV Q)

-PV Q) — (P —Q)

(BV (P VQ)— (PVQ VB

(P - A) — (=P Vv A

(B — A) — (=B Vv A)

(B = (P VQ)— =BV (PVQ)

(=P v A) — (P — A)

(ﬁB\/A)—)(B—)A)

(=B V =(PV Q) — (B = ~(PV Q)

(D — C) — ((—|—\P V D) — (—\_‘P V C))

(D = ==Q) = (=P V D) — (=P V ~~Q)
Q@ — =Q) — (P Vv Q) — (==P VvV ==Q))
(—\—|P Vv ) — (—\—|P Vv ﬂﬁQ)

(B~ (-oP v =Q)) — (5(=~P v ~=Q) — ~B)
((~P V Q) — (+=PV ~Q)) — (A(~=P Y @)
(P vV Q)

(=P V ==Q) = ~(+P V Q)

(B = =(==P VvV Q) = (-=(—=P VvV Q) — —B)

T

(=P v ~=Q))

(+~P V Q) = ~~(=~P v ~=Q)

- C) - (-(PvQ@ VD - (=(PvVvaQVvcC
— —o(==P vV Q) — (+(P Vv Q) VvV D)
P v Q) \Y —\ﬂ(—!—\P V —\ﬂQ)))

(=P V Q) = (=P V ==Q)) — ((=(PVQ)V
(=P V Q) = ((P V Q) ¥ =(--P V ~Q)
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replace A by =—P in 13
replace B by Q in 14

add sentence hilb1l

replace A by B in 16
replace Q by C in 17
replace P by D in 18
replace B by Q V P in 19

replace C by ==P V Q in 20

replace D by Q vV ——P in 21

MP with 15, 22
MP with 10, 23
replace B by P V Q in 19

replace C by ~=P V Q in 25

replace D by Q@ V P in 26

MP with 24, 27
MP with 11, 28

add sentence hilb7

replace @ by A in 30

replace P by B in 31

replace A by ==P V Q in 32
replace B by PV Q in 33
MP with 29, 34

add se

ce defimpll

add sentence defimpl2
replace A by =(P V Q) in 13
replace Q by A in 36

replace P by B in 39

replace A by =(P V Q) in 40
replace Q by A in 37

replace P by B in 42

replace A by =(P V Q) in 43
replace B by ==P in 6

replace C by =—Q in 45

replace D by Q in 46

MP with 2, 47

replace A by ==P V =-Q in 32

replace B by =—=P V Q in 49

MP with 48, 50
replace A by —~(==P V Q) in 32

replace B by —(==P V —=Q) in 52

MP with 51, 53

replace B by =(P V Q) in 6

replace C by == (==P V —-Q) in 55

replace D by == (==P V Q) in 56
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MP with 54, 57

=P V@)V (=P VQ) = (H(PVQ)V (2P V

58

A by ==(==P V =-Q) in 13
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63

64

B by =—(==P V Q) in 38

replace

e Bby == (==P Vv Q) V =~(P Vv

replac
Q)

D = C) = ((~(==PVQ)V~(PVE) — D) —

67

in 19
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78

79

80

81

82

83
84

(m2(=2P VvV 2=Q) V (P V Q) = (=(-mPV Q) —
—(P Vv Q)

(D = (=(==PV -=Q) = ~(PVQ)) — (=(=—PV
Q — ~P Vv Q) —= D — ((-PVQ —
(P V Q) = (o(=2P VvV =Q) = ~(PV Q)
(2(=2P VvV ==Q) V (P V Q) — ((-~PV Q) —
(P Vv Q) = (0(=P Vv Q) — —(P

(52(==P V 2=Q) V =(P V Q) —

(P V Q) = (o(=-P VvV Q) — (P V
(=P V Q) = ~(PV Q) = (-=(=—P
(P Vv Q) — ((=(==P VvV Q)
(=(==P VvV 7=Q) — ~(P V Q)))
(=P Vv Q) = (P V Q) = (=(—P VvV -=Q) —
—(P Vv Q))

S(0=P VvV o2Q) — ~(P V Q)

(=P A =Q) — ~(PV Q)

The Conjunction is commutative:

Theorem 0.5 (hilb22).

Proof.

=W N =

0 J O Ut

11
12
13
14

15
16
17
18
19
20
21
22
23

(P AR — (@A P)

P - P

Q- Q

(P ANQ — (PAQ)

(P AQ) — =(=PV Q)

@V P) — (PVQ)

(AvV P) - (P V A

(AV B) - (B V A

(-Q v B) — (B V ~Q)

(-Q V =P) — (=P V -Q)

(P = Q) — (-Q — —P)

(P —- A) — (nA — —P)

(B - A) — (mA — -B)

(B = (=P V =Q)) — (=(=P V =Q) — =B)

(=Q v =P) — (=P V =Q)) — (=(=P Vv =Q) —
-(-Q Vv —-P

(=P V Q) — =(=Q V =P)

(P = Q) — (=P V Q)

(P Vv Q) — (P — Q)

(P = Q) — (AV P) = (AV Q)

P —@Q — (BVP) = (BVAQ)
(P—)C)—>((B\/P)—>(B\/C))

(D —- C) — (Bv D) —- (BVA(0)

(D —-C)— ((PANQ) VD —- (~(PAQ) V(D)
(D — =(=Q Vv =P)) = (=P A Q) V D) —
(=P A Q) V =(=Q VvV =P)))

replace B by —(==P V —=Q) in 44

replace C by —(==P V —=Q) —

-(P VvV Q)in 73

replace D by —=(==P V ==Q) V

—~(P VvV Q)in 79

MP with 78, 80

MP with 77, 81

MP with 35, 82
reverse abbreviation and in 83 at oc-

curence 1

O
add sentence hilb2
replace P by @ in 1
replace Q@ by P A Q in 2
use abbreviation and in 3 at occurence

2

add sentence hilb10

replace Q by A in 5

replace P by B in 6

replace A by =Q in 7

replace B by —P in 8

add sentence hilb7

replace Q by A in 10

replace P by B in 11

replace A by =P V —Q in 12

replace B by =Q V =P in 13

MP with 9, 14
add sentence defimpll

add sentence defimpl2

add axiom axiomd4

replace A by B in 18

replace Q by C in 19

replace P by D in 20

replace B by =(P A Q) in 21

replace C by —(=Q V —P) in 22


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule6
propaxiom_1.00.00_1.00.00.pdf#and
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb2
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule5
propaxiom_1.00.00_1.00.00.pdf#and
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb10
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb7
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#defimpl1
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#defimpl2
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4

> mA/ > > > W
" N 8, r q, . o o .
3 5 O : s u s
& 8 r e r 8 r r 5
i ¢4 LT z PEE - :
E = S ERPN S
4 e8>0 ggzgT < rg 2o <
§ s 2% <3888 g & 827 < 3 3
T w,_ABﬁPMBCD(v\, T W m WMMPWH W M, m%m
a Zoxzai<oxaszo a s : foixaoi acz . IR
R TR T - R 5 F i E 0 2E E ERE
2 & 2 2 2 2T AR LS RO Z 5 & L 2 R :E E O: & 28 & e e
g = 2 g 2 8 =z g g 2 g 7 8 B 20T = = & & £ & £ 7 Eor = 2 2 i
> = = > > = = > =
-5 3 L -
W)v > S mew 555 > vwxnww @OW@)/TW >
PF)AWV \O.WP_|A 1 A, = AVAmAﬁ O_uV D..OTVPV AVAP/VP O_W
Ty TF S oSe &7 TaC T TFZa TaTtge T
=>> 2> ~-2F 5S¢ IF=>IF > =L 2% g
—_—~ A o ~~SED I NP — N
4 rooocoo s T r o7 < S _ 1 F Qa —~ o~
o L:< G- I SNSRI S S R A AT
~Ta ﬁPHHH PﬁC»\) 7 r Y N< =~ 7 rrlY <
Y>F >T=88871%Y 552255 & 12%C 521> &
S aa) ~s =T Q@ﬁQ» B(\v =r K A
>SSt D111 T ISI8 <7 g1 81282 <3l 1 _
o sesaenaas IS 8> <2 aaa 1 2¥ SN 202277 55
Ta T s e T e, 22T a7 oS -1 §lo
jﬁvvvxo.quHﬁﬁPDmv\D/Om(ﬁ\ NP Omv%ﬁmva\D/Q% l=ag >4 0
TrsFRTyseessrs e T T tan o T T LT e
Lo TEEETE Sl ialeTTr It TR LFS
=~ P R P P N
TeoTla 11111 45285555521 1925518558 25 11
327 55000 grre_'CTeie oovghkts s,
L A O A O | a A < T <AQopa_ =2Ro<<c<
LT A & PW\/TO%@\DmPﬁ@\PPBB@\ SIS TASY

SN— S~— _|
/ﬁ\/ﬁ\ﬁPBBmP\PPPDD«D,Wﬁ((ﬁ(“(ﬁ(ﬁ rr ﬁD(mP\(ﬁ(ﬁ(“P(ml\PP

34
35
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37
44
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46
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A technical lemma that is simular to the previous one:

Theorem 0.6 (hilb23).

QA P) = (PNQ)

Proof.

e hilb22

(P AQ) — (@ANP)
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2 (P N A) — (A N P) replace @ by A in 1
3 (B N A) — (A A B) replace P by B in 2
4 (B A P) — (P A B) replace A by P in 3
5 (Q A P) — (P A Q) replace B by Q in 4
O]
Reduction of a conjunction:
Theorem 0.7 (hilb24).
(PANQ — P
Proof.
1 P — (P V Q) add axiom axiom2
2 P — (P V A) replace Q by A in 1
3 B — (B V A) replace P by B in 2
4 B — (B V —|Q) replace A by —Q in 3
5 -P — (“P V —|Q) replace B by =P in 4
6 (P - Q) — (-Q — —P) add sentence hilb7
7 (P —- A) - (mA — -P) replace @ by A in 6
8 (B - A) — (mA — —-B) replace P by B in 7
9 (B — (—\P V —\Q)) — (—\(—\P \Y —\Q) — —\B) replace A by =P V —Q in 8
10 (—|P — (—‘P vV —|Q)) — (—‘(—|P V —|Q) — —|—\P) replace B by —P in 9
11 —|(—\P \Y —\Q) — =P MP with 5, 10
12 (P N Q) — P reverse abbreviation and in 11 at oc-

curence 1

13 -—P — P add sentence hilb6

14 (P - Q) — (P V Q) add sentence defimpll

15 =PV Q) — (P - Q) add sentence defimpl2

16 P —-Q) — (AV P — (AV Q) add axiom axiom4

17 (P — Q) — ((B V P) — (B Vv Q)) replace A by B in 16

18 (P — C) — ((B V P) — (B \Y C)) replace Q by C in 17

19 (D — O) — ((B \Y D) — (B \Y O)) replace P by D in 18

20 (D — O) — ((—\(P A Q) V D) — (—|(P A Q) vV C)) replace B by =(P A Q) in 19

21 (D = P) — («(P A Q) V D) — (=(P A Q) V P)) vt © by P im0

22 (=P — P) = (m(PAQ)V ——P) = (=(PAQ)V P)) replace D by —=—P in 21

23 (=(P ANQ)V ——P) = (=(P ANQ)V P MP with 13, 22

24 (P — A) — (—|P V A) replace Q by A in 14

25 (B — A) — (—‘B v A replace P by B in 24

26 (B — —|—‘P) — (—|B V —|—|P) replace A by =P in 25

27 ((P A\ Q) — —\—|P) — (—|(P A Q) V —|—|P) replace B by P A Q in 26

28 (P—-Q) — (A - P) — (A - Q) add sentence hilb1

29 (P — Q) — ((B — P) — (B — Q)) replace A by B in 28

30 (P — C) — ((B — P) g (B — C)) replace Q by C in 29

31 (D — C) — ((B — D) — (B — C)) replace P by D in 30

32 (D — C) — ((((P N Q) — —MP) — D) — replace B by (P A Q) — ——P in 31
(P A Q) — ~P) — C))

33 (D — (—\(P N Q) V )) — ((((P N Q) — ﬂ—\P) — replace C by =(P A Q) V P in 32
D) — (P AQ) — ~P) — (-(P A Q) v P))

34 (("(P A Q) V —|—\P) — (—\(P A Q) \Y P)) — replace D by =(P A Q) V ——-P in
(P A Q) — =P) — («(PAQYV~P) - =«
(P A Q) — ~P) ~ (P A Q) V P)
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MP with 23, 34
MP with 27, 35
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Another form of a reduction of a conjunction:

Theorem 0.8 (hilb25).

Proof.
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The conjunction is associative too (first implication):
(P A(@ A A) — (P AQAA

Theorem 0.9 (hilb26).

Proof.

5 5 F 2

s : 3 £= S

M“/m m AM Mv < @.\

> & -2 i > 2 > [

. NG S o I s !

e e 27 e Tz 3=z s ~ a2 245 > 2
ER-E- BB 2z > 3z 588 3> EoE > > £ o n e 3
ZE < omoa 2 Zmo S a0 Q8 0 R O VY ARECEE S 5T r
85555 Tt rECrrrr3: S EEEER 88 EE g5 E
£ foa <o = S f<oamonq T o a8 @ v =8 ino Z o o
s s 8§ 8¢ 388 ofofogogogioed zogoff¢ o %osoziioziog,
T2 RERB L2 F R YRR EOEOROE T &8 T % % o% & 2 R
s s £ 2 £ 2 = s £ 2 & 2 £ 2 g g & = £ & & g = = s 2 2 = g E
n~ =1 SNg o1 R
re < T A r n, TR
> - [ 1z T =

] =< —
=) ¥ =3 Z-2=21 o7
Tz o AN S
T < mmmn > o 2= T S8 AT
@ = AR < r > ~ @QV -
= S = s QQCCCH@\ r> >>T ¥ >
= I S>>>> 1= > MQM/QM T =
> /_WV <& ABB@\W;\DH /Ouw /_n\ﬁ > __”_|VVV ﬁﬁ
< - > — r > < A ~
o~ AHHHHVD r o~ VQ@\ H/T@\\O.w =>
N —~ &= VPﬂﬂWHP(ﬁ T rf Am
rrr_- 9% @ S~~~ . N >

@H S T APPPDDHv @HAD(VHQQDMHHP >
HHAH)H “s>>>> o Mﬁmu\\uqu = 22
9772182 Zza82:3721883 778050751 1°

— — — [ —m—=== ~rIEe= r= =
STT1s>8> 111110l 711 I>201T>To T a8
~= T < T P~ = ~ =
)\)\l/\l/P ﬁ@_\ﬁ) ))))) r r —~ Q ﬁ\l/Q( C\I/_|‘|
SIS AN o0l U r= ot s TOCT. > Lo~

>t 202

AL~
& =-=2
Saama=STa o

—

P> T T T T T 1>07 17 1% T>11

S LTS T F I Taca~
SLELERR8LEELRS FELRLL 2384

~— — —


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb15
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb7
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb5
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#defimpl1
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#defimpl2
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4

13

= M © > > > o > > >
z N E EE- < £ 73 <
> o < > > > < s > > >
~ <
e r2 52 5 : e o F 5 2
> > © v.mﬂm > o N vmﬁm,. > £
. 303 > 282 27 °F N > 2202 =
= 2 g 2% & 23z zLT83 &> T &3
r = S mouor 7 Z o oa o> [ r o 3 2 For NN ro> 3 2
H £ 33 EF 3 %t kEF:EQ:g 2 i s 33 25 :5 z e g %
a 2 ST B B N D z R BN S > 2 3
g E s 88 8 s & P88 8 fe § g ¢ a B E ER P g A E E
o & T 2% TR R R ETOEC T 2 & IR R - 27 & &,
2 e = s 2 2 & & 2 s 2 2 £ 2 1 g2 7 2T = = g2 s 2 1 g2 7 2T = =
> > S > quﬂv >>>1 >>> > > HWHQV >>>1 >>=>
RO > & 27252 7% 252 & U8 olagh 295 SETR
== <= — r =1 = T r= < > N r ~ >
<L T < T AHA ﬁ /ﬁ\\v/ﬂA >3 ﬁ L AVAHA ﬁ ﬁvﬁAvn vvﬁ\)ﬁ
>1 1 7 ST _ 1 1> =T1T=2C T T __ 1 1 F=0=2Fa> 1
S ES<ga =S > = < <
>~ — = — VQ\} \)P_|(\A\|/_|_\ —_ VVQA r > A,
== = [ 2 a2 oo ST 232 a3 2Bz . 1222
P TS SC50C0RST.T SIS s T 9T 20> T loFS
> - | >> T>Rk > 19Tas2T
> 22> L2 Tl >ESe>alTIEeC 8 > (7 U725 2> S Og2>>7
L9595 7 Y54man23 0S92 7>C2T o520 _-571.8502a->>%595
> > - -7 =1 vvﬁ»QVPvA( S>> ST T > S TETAS IS >
ﬁPv - T > ﬁﬁ%ﬁvﬁﬂ( > oFa 1 ~ n, "> > vﬁv“v«QP
Tote A8 5277657 2o 2812>eaTTSEY5 1204 1320
el bl = F>RARRI<Z >TSS = r>5'e>T7> vﬁv)vv«)ﬁﬁv
LRCT >3> N T>Ta e STl =22
Mvvvv > VPHAHH@\ rﬁ\MVvaHQAvvv VPv)V(ﬁ\Qrﬂ\MA/)PVPA(Avm/P -
~7 = =3 = —_ ~_ == S5 S 2> T J 4 ==
VA@A@vvv@ )ﬁMBBBGQﬁVAﬁMWDVVAPQMAﬁ@A@bvﬁvAﬁA%)thv%Aﬁ
STLTSRAT To=s====>>" 5 " TZ2Ro>7T SUS>TS 7 >>>. O ol > >
r=>r r ~ > T2 > > > r AaQ > = > =
o~ > PR > —r>>Z 7> AN > 1
= S>1112 ST T T T 1220gas2>01 2.0, T 72" EZ25a ro>1e2
c>o> A P TI-002o=9>8509a=> [ T>7S938 "= ' =<
>>o. cneeT o0 C=l > ST s> T S0l 2 > 22>
< ><Tom T > > > 5 <1 < rs>>>T7T < r >

A, Bl l<
W\Wv@\vvvvv ottt 1111 eﬁW(W@@\Dmﬂ«vvpmu@vwm\v T ﬁ(ﬁ\@W@vvw«(ﬁ\vﬁv@\Q
R S S S R e A S e I B B S NUISEI =k SN SRS

—— oo M— I —

— — — T rnr= [~
SRR oSS L=l t

31
32
37
38
39
40
41
42
43
44
45
46
47
48
49
50
o1
52
53


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1

14

6
—
n
—

in 55

© > > PR >

24 07 = s Fe2 . e

< 3 N > > < > N > -

> e o > @ o e © R S

g %38 S @ et Iz s g 57 E
T3 > S > & > i L 2 oa > - > i ROz o’ ©
E &g A Sz EoE kg L T = g8 >8>S >
m 0 T T SN T 2 z a0 7T T o> (N ® 2 o Z o< on o< oa T Ny
3 25% Bg:rg 25 3 - - I - S g § - Y rEErr2 403
758y -9 P s : 7559 9 P E g 2Eriave g%
ERN R g q E E EA S g E T ¢ 08 8 8 8 ¢ E
ERCECRE 2z Tz 2z & & 22RO, BT R & & T R R T - & 2
g g2 2 & g o1 2T 2o = = 82 2 8 2 o & 7 2T = =2 =2 & 8 g &8 g2 2 =2

Mv HWHHV > 1>1 2>2=> Mv L I N = I I N N 1

B 2T ast 22Gs SETa & o B BB 5=

r <I1QRT TS >7>71 L SRT RIS I=g3 O NS
sL >-T1L I>0.) a5l 57 Ti7 TELsT LT - > 2
<7 S=~ =T o> >

~1 85521 1SFs5151 > g2l 22187 agr ] o

R~ 29T 2 <y T 92 55222 =22 =2 < .

=3 &35>_< Ro>s s = > = < Ny < R

r = F= r r> > > For For > =T

o> >R > >-oTE528. sats Al 7= >L > SN

WQ)HW%VQAQHQ > SO CVAﬁvQAﬁWQHP O;P o= V\W« A, ~

(vmmﬂ)vavDW\H@\@/ﬂ\vvv So>Tg 7> > >a2% >>0 %\DH 5

1a>> 1998583027 >T08 s 1¥957807 12T &7~ £6% 1o 22
RS OVVAQH VV@H\V\/#\\)_. > A A< PVHHPA»HQ . Pﬁ R &
vvvﬂvpv()ﬁ@)vH@AHMmH@ﬁva«@) S s Tso Te 0 >0 4%

~m, T T S~z ST IrI<=T SATZRoAT=aTrT - - =
ww@@@ﬁ@VAAﬁMW)vv)vﬁmﬁPCQv (Tl e><S MAW E M (MDH)Q

>.To> 075> ﬁAP@AQ(vaHv@Hv vaﬁ@vwvvvwvvve 179155
T1 S TR =8> F 0> > — LI 2Cox TCQ =~ T>x

))W@))%ﬁ(@M(D)«ﬁQ H@A))KﬁA% (Avﬁ(DQ)QDQ)QM%PAQ)PQVPv
MR T IS0 7T > T T R8T
HHHPVHHAWPQW\QMHW\PVMPQ (QH@PQWM\PW.\QPPPQPPPQV
L OTOA A LT LT T T T R R LTl i T i s LTSI TS FTET I Taa f==0
(((((( RS TSI TICSIQ L T TSI I rrTrnrerrrrradi:zosass

< OT< <=
~ > > vvvvvvvvvvvﬁHAVC(v@\ﬁw«

~—

54
55
56
o7
58
59
60
67
68
69
70

61
62


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb6
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4

15

= - <) ) = A I~ k| 1 > >
< Al Ed @ < —~ R ~ ~ ~
o o 2 a 2 o S = < o = ~ o -
i © © L A s £ S E > 2 < 2 < <
5 ! 2 g < z 5 LR o > 2 N M > >
> < o Mv < N < > < 5 N > 5 S S
O e 7 s ~ s - ToYs T Pog
s T 3 & e > > T o > S e > 2 > £
s T ~ 3PP > r > o 8 /ﬂ\ > > A o, [\
2 > e > £ 7 ¥ > v T r & [ g < < > T
< < & < 2 3o< 1ot & < 3 a & 3 T T T 2 T T o> 5 P>
- B B g g 5 kB B B 5 S g 3 5 5 5 B 25 B S
©m o A s g8 08 08 g £80 2@ 0 A I T BN N
ER N [N B B R B R B B PR B LI RS B ERS
O T s s§&§& F % S §$ 88§ §fgfbgt 5 e Y fY & ¥
rr =1 = T =10 e Lt et O O Y I I I I |
= [_Ta = = < __ = = = e N A e o o
QA oxfo A Tals 5 T R >>I<.r < FS T NATETITR
1 > < > > T 1 \)A«\O.w - \AMH > /@wOVVVMA)H V\)ev W/\/VMAMVVVVVM“/
5 [STF @ _ O >3-.8% EZ_55 TT 0955 O.zF >.9997894
VVHV >~ = > o >l __” AQV > > Pﬁvv - > T K~ > >>> >
= = L > > _ - >~ 279> ro. > >
> — ~ —~
T osigs & R fRCT L7 5500 TR eTal 7 LI%,2%845
s STIS 0S8 T8 =Te1 (983TTST S> FTS>T%e TOTITLTRTY
ST T4 > > > T =2>>L07>0 2122 Tad 27 2= LT r
F~1 o < > <1 = A~ > r>y= T =z Tt Tr> 10 T
=~ O~ = ) QL =T Q < = T T — = T > 1T
>0 _a>2 oY% AT <% 1= T=0 =20, ~_T> > 2= ~>
= - = = IV — = R > > 2> > HCvﬁ\)v) ~_ >
17580 T>0 TS 1,217 TFas0 Ta2bsal ~S2TE Y%z
= > > R = _ > T — Tl To><o </l I <> <
S S o T2 O~ S>> 'z of= <J = r > >z >
St la=C=2>s S35l ATl T >0 S F>>sSRar s U7 >
. or _&= L 150>9>27 . "5 LT > >8> < S
51> 50212317 0052%52>927 1287 " F20>201 12282727382
N SR 180 L T > 08701 TT23 " TTarl . ST F0irr T
OFhk<s > _TO2 O & rIFT o>o"a. SO LE7s =T SENH! > S
A, r —R Qﬁvﬁm/v P(«ﬁ)QPPvKPm/v vﬁ(Vvavvv Av(vvvpv > > >
NI ~ <
ST T>>0 o oa o 1>T>220 2, Jlagraoaag al> 120020800
<A ~TU AT [ T~~~ rrfl = fFfa=~Fr I I Tl =T LTI
SRR TSR LR RSS2 LR TR Lol L LLRSTFREL oS
o N (2] <t 10 © b~ 00 (@) (@) — A <t [ IelNe] I~ [ee) D (@) i [N [ap)


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4

16

£& > R T
< < = < K s s G
A > £ 8 3
S ¢ o = S s &8 F =z
> r T oE [z n oo on T e © e
N > 2 R -
. : L8 s T e : s Efffsea: % d
2 ERN - > o g CH- E
5 TR S FEN £ § Srrsrzz i i i
5 E 3 L 3 g gt omBOREoE g E
¥ IR R B B4 E 8 CENNNE B B B A
5 tgrgEy Bt
Y Y R Y I | —
< <
—~ A~ — [y D\l/\l/ ))))) —~ T~ — = r
R P NS T ARSI AT AT S>3
= = = > = = =_ = — =
VVVAVAM VA))VAVVVVVAvvaVAm,mn\D/Bﬁva =
SASE N viMQvQQQQQvQQQvavvvv@ﬁv@ > @
vvavQ% vQ@)vavvvavvavQ@@@Ovvpﬁ ~
Lot 8219 >%aana At s>>>_2L” § =
S 5 PPH = LR FIISR RS T A QT q D
taadaiaten) AT SA [ T ISR TSR LA T > - <
TYTTTTIS LY ATF el DIy iy Ty rlLye —
I IR = S e N S A R I S S S S i S T
T>1 T 171 - T 1 T 11 _ 15717l ov 0 7
T vﬁ\\HH ﬁvev rls ﬁﬂﬁﬁﬁﬁﬁﬁa ﬁrﬁ\DmA
~aRmT 7D 1Y ata a st a1 1 = r Lo
S¥52%37 225 75585 F5 5 1111551 7 L =
~ S < ST _SangTr o=
>7> 05508 PTYU>TC 7 >>T s> L Sognar >3 11
> T >Q 7O > > > r - — ~
STCooel P99 FoFeS 9IS 07 T 0P S S 3
ITRTE OITSIITSRIIITIIITRIETIT TR 2 2 ¢
>>>> > vvm\vvv vvvvvvvvvvvﬁﬁﬁﬁﬁﬁv#\ S <o O
A >>>> > > - = =
PW.\P@U\PW.\V mbu\PHmPlA\PP/_n\PmPI.\Wi\PPPmu\PPPP < < < <
TITFTISIO T2 L7322 LI 737 ITI22RARARRAQAQRT
=Ll LD LIRSl lSlclclclLILFTFFTFTrrs & & &
<t 0 N L~ 0 D o — AN M <H 1o O D~ 00D o — N
o o o o o (@) — — — o~ o~ o~ = o~ = [aN] [N} N
i i i i i i i i o e e i i —

nce hilb14

ence hilb7

-P)

(P AQ)AA) — (PAQAA)
(PV Q) V A

P — Q) — (-

The conjunction is associative (second implication):
(P V(QV A)

Theorem 0.10 (hilb27).

Proof.


propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule6
propaxiom_1.00.00_1.00.00.pdf#and
propaxiom_1.00.00_1.00.00.pdf#rule6
propaxiom_1.00.00_1.00.00.pdf#and
propaxiom_1.00.00_1.00.00.pdf#rule6
propaxiom_1.00.00_1.00.00.pdf#and
propaxiom_1.00.00_1.00.00.pdf#rule6
propaxiom_1.00.00_1.00.00.pdf#and
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb14
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb7

17

P 5 2 PR - PR <
< 3 .mG 8 @w > N 3A > S >
> s ° g S > 3 q, T S > 3
\Q/@ nw 1234v.nw > o 7 a < v oo & > /ﬁ\ 1%,@ > & - >
;mmvv mwvmmmmm@v nmzmw“mzm)mmv & > Mvv & > mww
< a & g GMMP.WBCD.Aﬁp n.mB.cﬁmm.BcDA f < 3 oo o & f < 5 2 a0 I
SEIE GRErosErEE siRrErPEERE PR o ofREE B P8 gl
FPEYF O§¥IFEITEPTEET OsiTirTitTe:r o o®o% & £ FPE G OG -
3> =1 > 1 >1 > > 1 > 0 D
r's S X . T~ 0T Lo Ao o T
T> MQ > ==Y T = ADWV = !
= 4 > > — —
=2 ¢ > 3 27le ] 5l O =
> T = — T 737 2 S S >
— > O - =~ > _Q S~ N >
= — — PN < S > o = .
ol = ~amRalT >>0000 S>3 < A T < >
>~ SSTOU T © — (R oz > T o1 g2 T g
= 2 S>>>> 1= > ST Ty =@y o~ S =S, o T
¥ 2 <mmRIR T & >>38B83 4= [ >0 i 3 9 ¢
r . ~— 2222 =2 o = > N R @] r
P r1rr 1122 f %/ﬁkaﬂﬁﬁ =11 > _ -3 =18 2 ~
AT > __q — TC S rre———— < 'r> AQW.\ S R, &Aan T
rr _— g R T ararSra— (\/I\PPD..DP \}(\P Ny r N —~ T > ~ rrr -
MWAﬁ PPPDDHV oot = >3 7 > < >— > T =
TTTS—_ s> > > & RO T > @v)ﬁDeP S 5S> 123~ HHv
<<~ T - T2 >>>22 0 = S>> T 1>1%= ~ >T .= o
rr =~ _CO% (Mn\n(o\m@/\(QﬁQ oI RRB - > < =T —=>0X T rr<
Llog=a=< NN ~Q M NN T olats o o= oo —
Tr> p Tt 111 TTT11T _F2a15>121> 17a>150a> 114
A TRARSR S v 2> ST el log > clfelles0”_ ¢
e r r— r ~—~—~T T -~ =R~ =N e r
AA(@ﬁvﬁﬁQQQCCCﬁQﬁ@\QBBﬁﬁQQCCC ﬁ@v SLEOY S —o>o>orAnl

ﬁHHVHPHHvﬁﬁﬁqqﬂvvvvvvvvqﬁﬁﬁﬁﬁqevvﬂvvvvveveﬁvvﬂmﬂvﬁqﬂ
roamioT, craarnanadasantusananagzagiarlasutagagisrisriaco

e e e e S e e e e N e e e e e — N e —

M <o O I~ o0 O

10
11
12
13
14
15
16
17
18
19
20
23
24
25
26
27
28
29
30
34
35
36

21
22
31
32
33


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb5
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule2
propaxiom_1.00.00_1.00.00.pdf#axiom3
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4

18

5 < < k| < 2 > > > - & > >
g 8 < E > < > £ = < = R < <
£ z > 2 ~ > ~ 2 = > = 2 > > >
< ~ < < 84 < > -~ > < ~

> < > > o > > L ¢ = > o S N
> ~ S & > . ¢ = )
5 a0 ¢ B2 T s B T3 ¢ > > & 8
Ny ERE I > [ G - " > s AT
" LI R S oo 2P E 5 S
> 2 8 v T T g T r r a r T N roe 3 2 P S N
3 gt izrr $r £ X s 5 oz 208z z > 5 i B EF F 4 B
0 = £ £ w0 4 oo 0 Q = q 0 a > o < SIS = = Q0 O
508 08§ E § o & E § - ¢ R £l E E 8 > 8§
4 - - & 2 2 ° A & 29 % 27 R & 2T & & 5 4 a2 & od &
g = % % o2 g5 2 ¢ g Y = g 8 ¢ g or 207 2T = = g 2 o ro2 T
> 1 > > 1> > o > 121 1> >>>1 >>> > _ > 1271 71>
S ? 22 N © Ao = & O © A
= - mu)»)@\ - > v = \)\D)( (ﬁ\m.“/(» LCes = 5 = \)\D)(
r = T <o N =R T r T I >7 212/ T
] = L . == L = ¢ quﬁh L N Aﬁwab
T ~_ = > r -—-_= T Il ~T ~ — ~ = > N
L “><gl @@vﬂ T 5 < o= > _ T /Pro,vﬁ@\\uqmm\ov TR SR
1= 282sa >:9% % > 1 ZZS=y 122750 1 o2 >>S5
~ ST Lo > Lo~ 2O>> . ~2TEs 1 2T RS>
< >>70> Y272 > 7T T Tra~= SL ¥4 2 s> TIoal=
S Lo >a TlhgSssl S f >3~ IZ> (S8l T o >SS
_ =z, < Lyeo=o=y 2 572> Z7o-_9T > &3 _~—o 77>
o => r ==K T T r> r o e e~ > L = T ST > >R
= Ty > T’ 227 — 251 0 %23 >3 > o> T L S2
> "% - L = Lo as < T=>T 2 -8 I >R TS
<>F 1 ITTY TZISCEST o T>-TFrEazalvisl 2T iarglTvsc
T5:864- > >T11>[>2 72822 72>T7Fle>1>3 £>22T0>7~> 2>
r T \\H\)H — < oS> Toe>, 7~ To=s LS Mo
(v)vﬁAA T, @>=>2-5%> ﬁ(PvW)ﬁ(ﬁQHVAkuv Fre< 7 > C._=

~=>L20o~ S, T > TS T R I TL>a > T
ST vTI82 > 0 s FD SRS T TR 0SS [>T S T2 T
> 19110588 _>la%e>>F >, 18282, >T51>958>> >8> 17000,
= > ~3= I T > " =~2~1T —~T N Y A, T AT T A~ >
TR SOE R S A = NN P g S
o, ~ F Paﬁ%« > =L >a > p > 1 TE>E>2> 8> Pva%vH Ty >

= —_—— - [ =22 —_— o oD —_ = NN —_ =

54
95
56
o7
58
59
60
61
62
63
64


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#defimpl1
propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#defimpl2
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4

19

—

in 70
8
n
—

ce Dby =(P V (Q VvV A)) V
in 64

Bby =(P V (Q V A)) in 69
wce C by =((P V Q) Vv A)
ce C by ==(==(P V Q) V A) V

2

ce Dby =—~((P V Q) V A) Vv
ce Bby =(P V (Q V A))in 7
wce C by =(==(P V Q) V A)i
ce D by == (==(P V Q) V A) V

ce P by C in 68
place B by =((P V Q) V A)

blace C by ~(~=(P V Q) Vv A)

-=((P vV Q) VvV A)

replace Q by B in 45

(P VvV (Q V A))in 27
(P vV (Q V A)in7
(P vV (@ V A))in73
(P VvV (Q VvV A))in 72
(P VvV (Q V A))in 81

repla
MP with 60, 6
MP with 62, 66
replace
reple
1

repla

pla
MP with 67, 74
MP with 71, 75
repla.
MP with 80, 82
MP with 76, 83
MP with 7, 84

o o 9o o ©°© ¢
= 2 2 & &~ =

>>>1 >>=> => 1211> >1>1 >>=> => 11> >1>1 >11 >
L9552 2o Te =Yoot B SRTe Lo B R 8

r = rJor = 12T T = ro T r = r = 1% T
L2Z2= 228 >T FIETL ISR 2ok N U SN
[S2>2%32T el 22017 Tgiksazler ST 17 T3> _T-> T
LIF L ATTT! <> L IOF 27270 - > _— ToT_=ro” o«

> fez—>> >1 TTo2 S A F >1 o021 15>22735 1 =
(SN P >>S9 ] 1T TSR =3 ~TS17¢ <
«vvvﬁQ(ﬁ\ mP\n.)/ PQVA P\)vaV(ﬁ\ mP\\) VA) »W.\Av o . =
=T =~ ~> ' = r< S-S >0 = o = r= >= D7 > >az> 2 s
~LlIEoTa >3 S - zL>%0=I>2 HA LT A“)@\QM@(@P <
>= o T =3 T2 TS STV o > FC. >=S3T7TE8T=R o
T2 >>F > O e & T> - >70 >TAT> 02—, >0221>1>21F om
SleZaelzon LizsTZroncel-T 3720 =T212927 J1 e L 227
V\\)//VA(WVHQVA HVAVHAW\VAVWPKM“/(W/V\«QVA APAm/@\vAPm/ﬁ\@(ﬁ\vm( > T A
W)T\VVP VPV))H//W\VQ)Vﬁn(r\vm.\mﬂ)rﬁ\VVPHVPv))D(ﬁ\vvﬁmuv/TA(ﬁv &=y a T
> IlgoT 2L TRt 0>l ToT>loorat7ol%Ts2 1 Te>> 1 T7>1 Toj
> T > >0 7 > > sog el S 2T o1l >g>Tg ! > =182 1>g
=> T ST TP % U T~ [ A0 >a g > 7 S>> T 2an
SiEis-0l e llE e T S T e gl LSA TS S e T T g o T T ST
SF I ~> r S>T A>T 0T S5 r >Q ' v TI=To> 2 >3
> [ = =T M~ > >0 11 ro ., >0 =7 ro> S
meﬁmwwﬁQvﬁHP@vH%ﬂWQvam«M@vH@v))PmH+WQqPHv«v@vQQ®Hv
SR PSR M S S N T TR L T S S PR
R > o= > AUEEN = > = ~1= A s T=2s —~ L= A ST
%W(mﬁﬁﬂmﬁ = T F P 2R TF2 2278007 ITF_ F2aals a1

~— — ﬂ\l//l\

=TS Ll IR0 IR RS TFS L=l L L L ISR =3T7T= L= FTFLST

65
66
67
68
69
70
84
85

71
72
73
74
75
76
7
78
79
81
82
83


propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1

20

2 T E f > > E
- un.m > M k: < - < < M
= - ~ = > > >
g g 5 > 2 - > Z s >
52 2 N > 2 > S N N o
E PR - a [ o > > 5 w.‘m S i
RN S T T v N
A SR R S , LoLE e Ta . ERS
= ) o r r 3 r S T
S NS S > > o“, > W > W@ W > - S >
g & & & 4o 2 € & 3 o B a 2 0 2 2 5 2T 25 2 S 2
LM @MU A =z B0 - N §) Q = S] IS o ' Q= = = a
LR T T U T T RV B IR R RGN B i E 2
TSR EE OB & 5 B & 5 T F L, B & ) 5 IR & & S
: 2 2 £ g 2 = 2 ¢ zZ £ 5 8 & £ = g R 207 g 2T = = e R
1 S To>2=11 M Lot I A A A N
o RSS2 A 2R e ——— T
AA r D = [ — /I\A \I/D\l/ ))))) ~ —~ >
> =1 > oo =T 1> > = = = =27
Co < s>l >t ST >N > > T g
>7 22 27 2loerl oT3Y TI9Zeol49 90707
~aq, 2o o> r>7 o~ > > I'>"o T _ T o T oTc
o= ST Lar>v2 >47 >S>F> 0> >F> > F S FT
1 >>_2090 [F r=< E_ & a2 7S r r rog
= L, S F LI>8 > 00T Fo8. 87298 8o a8
2T SFLUr> _TraT eI T L [ TOTRTFTOTYIOTIR
S8 DT>y e¥T ey 2a i [ Tie Tl e
1>~ el =0 T 21T~ ST 1T R e
= = ) ~< oL ~ <~ = R e P
vvﬁv HA)vHﬁAvQ)VA\V)ﬁAA(ﬁ\)HQA AVAvv < s AAAM
=39 S MVMP)«V@MA@VMVVv«Dvavv@v) T>7 T T s>
TRIZ.S> TSI T> 0530801 177005 V905070550 ]
B)HVMVQVQHV)VM%Q >>.s> Ll >>">22s>525> >
> ~ ~ o= I
SR T oo T T a0l TR T Tab oo fa s atata, g A
>TSS T T Y Y RAY ST I T T I TR TR TR T AT T
NSRS R LU B O S S B G S S TR SR SN S SR S SO e
= r Ay r = rr - I oy Ty r rr Ty Iy ryror
Frfasrsasvteraragilrrigiraevaslirlrsr el leTe?
© I~ 00 O O — ol <t 0 O I~ 0 (2] S — [a\] (a2) <t 0 Ne)
O OO0 OO OO O O S O O S D (2] (@} () (@) () (an) (an) (an) (@) (an)
— — — — — — —

C by =(==(P V Q) V A)in

—

wce C by =(==(P V Q) V A)

o © )

— N

=~ & A =


propaxiom_1.00.00_1.00.00.pdf#rule3
prophilbert1_1.00.00_1.00.00.pdf#hilb6
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule1
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4
propaxiom_1.00.00_1.00.00.pdf#rule4

109

110

111

112
113
114
115
116
117
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122

(0=(==(P v Q) vV A) V =(PV =(Q V A)) —
(=(==(P vV Q) VvV A — =PV =@V A4)) —
(=== Vv Q) v 4) — (P Vv (Q V A)) —
(=(==(P vV Q) vV A) VvV ~(P V ==(Q Vv A4))) —
(=(==P v Q) v A — (P VvV (Q V 4)) —
(=(==(P vV Q) vV A) — =(PV —=(Q V 4)))))
(=P vV Q) v A — (P Vv (Q V 4) —
(==(==(P vV Q) V A) vV ~(P VvV ==(Q VvV A))) —
(=P vV Q) VvV A) — (P V (Q V 4)) -
(=(~=(P v Q) V A) — ~(P V ==(Q V A))))
(~(~=(P vV Q) V A — =PV (Q V A)) -
(~(==(P v Q) V A) — ~(P vV =~(Q V A)))
S(==(P V Q) V A) » (P V —(Q V A))

~(=~(P vV Q) vV B) —» ~(P vV =~(Q V B))

—(==(P Vv C) V B) — =~(P VvV ==(C V B))

-(-—(D v C) V B) — =~(D v —=(C VvV B))

=(==(D Vv C) vV mA) — =(D Vv —=(C Vv -A))
~(==(D V 2Q) V =A) = (D V =(=Q V =A))
S(==(~P V =Q) V =4) = (=P V ~~(=Q V -4))
(F(=P V 2Q) A A) = =(=P V ==(=Q v -4))

(P AQ)ANA — (PA(-QV -A)

(P AQ ANA) = (PA(QAA)

Form for the conjunction rule:

Theorem 0.11 (hilb28).

Proof.

© 00~ O U Wi+

11

12

13

P —(@Q = (PAQ)

P VvV =P

(=P V =Q) V =(=P V =Q)
(PVvQ) VA = (PV(QVA)

(PVv Q) VB — (PV(QV B))

(Pv C)Vv B) —» (PV (CV B)

(D v C)vVv B) - (DV (CV B))
(DVCO)VA(=PV-Q) = (DV(CVA(=PV-Q))
(DV=Q)V—(=PV=Q)) = (DV(=QV=(=PV-Q))
(=P V =Q) V ~(=PV =Q)) — (=P V (=Q V ~(=P V

—~Q

~—
~—
~—
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replace D by ~=(=—(P V Q) V A) Vv

(P V ==(Q VvV A))in 108

MP with 107, 109

MP with 105, 110

MP with 85, 111

replace A by B in 112

replace Q by C in 113

replace P by D in 114

replace B by —A in 115

replace C by —Q in 116

replace D by —P in 117

reverse abbreviation and in 118 at oc-
curence 1

reverse abbreviation and in 119 at oc-
curence 1

reverse abbreviation and in 120 at oc-
curence 1

reverse abbreviation and in 121 at oc-

curence 1

O

add sentence hilb4

replace P by =P V —Q in 1
add sentence hilb15

replace A by B in 3

replace Q by C in 4

replace P by D in 5

replace B by =(=P V =Q) in 6
replace C by —=Q in 7

replace D by =P in 8

MP with 2, 9

reverse abbreviation impl in 10 at oc-
curence 1

reverse abbreviation impl in 11 at oc-
curence 1

reverse abbreviation and in 12 at oc-

curence 1
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Preconditions could be put together in a conjunction (first direction):

Theorem 0.12 (hilb29).

(P — (@ — 4) = (PAQ — A4
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Preconditions could be put together in a conjunction (second direction):

Theorem 0.13 (hilb30).

(P AQ) = A) - (P = (Q — 4)
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Absorbtion of a conjunction (first direction):

Theorem 0.14 (hilb31).

Proof.
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Absorbtion of a conjunction (second direction):

Theorem 0.15 (hilb32).

Proof.
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P — (P AN P)
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(P — A) — (<4 — -P)
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replace Q@ by P in 1

add sentence hilb11l

add sentence hilb7
replace Q by A in 2
replace P by B in 3
replace A by P in 4
replace B by P V P in 5
MP with 1, 6

replace P by @ in 7
replace Q by =P in 8
add sentence hilb5

add sentence defimpll
add sentence defimpl2
replace A by =—P in 4
replace B by P in 13

MP with 10, 14

add axiom axiom4
replace A by B in 16
replace Q by C in 17
replace P by D in 18
replace B by =(=P V =P) in 19

replace C by =P in 20

replace D by =——P in 21

MP with 15, 22

add axiom axiom3

replace Q by A in 24

replace P by B in 25

replace A by =P in 26

replace B by ~(=P V —P) in 27
add sentence hilbl

replace A by B in 29

replace Q by C in 30

replace P by D in 31

replace B by (=P V =P) V ——-P
in 32

replace C by =P V =(=P V —P) in

33

replace D by =(=P V =P) V =P in

34
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36 ((ﬁ(ﬁP \Y ﬁP) \Y ﬁﬁﬁp) — (ﬁ(ﬁp V ﬁP) V ﬁP)) —
((—\(—\P vV —\P) VvV ——=P) — (—\P VvV (=P Vv ﬂP)))

37 (=(=P vV =P) V ===P) — (2P V (=P V —P))

38 (B V =(=P V =P)) — (=(=P Vv =P) V B)

39 (-==P V =(=P V =P)) — (=(=P V =P) V ===P)

40 (D — C) — (((ﬁﬁﬁp \ ﬁ(ﬁP \Y ﬁP)) — D) —
(7==P vV (=P vV =P)) — ()

41 (D — (=P V —|(—|P \ _‘P))) — (((—|—|—\P \Y —‘(—|P V
-P)) - D) - ((-—=P V =~(=P VvV =P)) —» (=P V
(P ~P))

42 ((=(=P V =P) V ===P) — (=P V =(=P V =P))) —
(=P V ~("P Y <P) = (=(=P ~P) V ~-=P)) —
(==~P Vv ~(oP v <P)) = (=P V ~(5P V ~P)))

43 ((=—=P V =(=P V =P)) = (=(=P V =P)V ——=P)) —
(7P V ~(2P V ~P)) — (P V ~(P V ~P))

44 (=—=P V =(=P V =P)) — (=P V (=P VvV =P))

45 (P—>A)—>(ﬁP\/A)

46 (B — A) — (=B V A)

47 (B — —(=P V —P)) — (=B V —(=P V -P))

48 (-=P — —(=P V =P)) — (—=—P V =(=P \ —P))

49 DL - C) - ((—P — =(=P VvV =P)) - D) —
((ﬁﬁP — ﬁ(ﬁP V ﬁP)) — C)

50 (D — (=P V =(=P VvV =P)) - (P — —(=P V
SP) = D) — (=P — ~(=P V =P)) — (=P v
(5P v =P))

51 (=P V =(=P V =P)) — (=P V =(=P V =P))) —
(((m=P — =(=PV-P)) - (——=P V(=P V-P))) —
(=P — ~(~P V =P)) = (-P v ~(-P v P))

52 (=P — =(=P V =P)) — (5==P V =(~P V =P))) —
((——P — =(=P V =P)) —» (=P VvV —(=P VvV =P)))

53 (==P — =(=P VvV =P)) — (=P V (=P Vv =P))

54 =PV A — (P - A

55 (-B v A) — (B — A)

56 (—\B V —\(—\P vV —\P)) — (B — —|(—\P \% —\P))

57 (=P V ~(=P V =P)) — (P — —(=P Vv =P))

5 (D — (P — ~(-PV ~P)) — (=P — ~(~P v
“P) = D) — (=P — (=P v -P)) — (P —
~(=P Vv =P))))

59 (nP V =(=P V =P)) - (P — —(=P VvV —P))) —
(=P — =(=P VvV =P)) — (=P V =(=P V =P))) —
((==P — =(=P V =P)) — (P — =(=P VvV =P))))

60 (=P — —=(=P V =P)) - (=P V =(=P VvV —P))) —
(=P — =(=P VvV =P)) - (P — (=P Vv =P)))

61 (=P — =(=P V =P)) - (P — =~(=P VvV =P))

62 P — —(=P VvV —P)

63 P — (P A P)

Absorbtion of identical preconditions (first direction):

Theorem 0.16 (hilb33).

(P = (P = Q) = (P = Q)

32

MP with 28, 35

MP with 23, 36
replace A by =(=P V =P) in 26
replace B by —=——P in 38

replace B by =—~=P V —(=P V —P)
in 32

replace C by =P V —=(=P V =P) in

40

replace D by =(=P V =P) V —==P

in 41

MP with 37, 42

MP with 39, 43
replace Q by A in 11

replace P by B in 45

replace A by =(=P V =P) in 46
replace B by ——P in 47

replace B by ==P — —(=P V —P)
in 32

replace C by =P V —=(=P V =P) in

49

replace D by ===P V =(=~P V —P)

in 50

MP with 44, 51

MP with 48, 52

replace Q by A in 12

replace P by B in 54

replace A by =(=P V =P) in 55
replace B by P in 56

replace C by P — =(=P V =P) in

49

replace D by =P v —=(=P V =P) in

58

MP with 57, 59

MP with 53, 60
MP with 9, 61
reverse abbreviation and in 62 at oc-

curence 1

O
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Absorbtion of identical preconditions (second direction):
A
B
B
B
Q
Q
Q
P
(=
(
(
(
(
(
((
((
((

Theorem 0.17 (hilb34)
(P
(P
(P
(D
(D
(D
(P
P
P
-P
P
P
B
B
(P
P
P
P
P

Proof.
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